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We study minimal conditions under which the function system of dyadic
translates and dilates of one fixed function ¢(f) with support in [0, 1] forms a
representation system in L,(0, 1), ie, that any function f(r}eL,(0,1) can be
represented by at least one L,-convergent series with respect to this system.
Generalizations to the situation of a multiresolution analysis on R” are also
discussed. € 1995 Academic Press, Inc.

1. INTRODUCTION

Let be given a function ¢(r) with support in [0, 1], and consider the
system

Or D=0k —i), i=0,.,2x—1; k=0,1,2, ...

We are going to study minimal conditions under which this system (or a
subsystem of it) is a representation system in L,(0, 1) for some 0 <p < cc,
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16 FILIPPOV AND OSWALD

e, whether for any feL,(0, 1) there exists at least one L, -convergent
series representation:

o 21
)= Z Z a1 Pi. 1)

k=0 i=0

The notion of representation systems, which generalizes the notion
of a basis, was introduced by A. A. Talaljan [T1] but arised already in
connection with the classical investigations by D. E. Menshov [ Me] on the
representation of arbitrary measurable functions by trigonometric series.
There is a number of results, both on representation systems in spaces
without bases (such as L,, 0 <p <), and on cases where some classical
system does not form a basis in a particular space. For instance, A. A.
Talaljan [T1, T2] showed that any complete orthonormal system in
L,(0, 1) forms a representation system in L (0, 1), 0 <p < 1. Moreover, this
property remains true even if a finite number of functions are deleted from
the orthonormal system. As a consequence, if we take

{—1, te(3, 1]

then {¢, ;} is a representation system in L0, 1), 0 <p <1 (to this end,
consider the Haar system and delete the first (constant) function). Clearly,
for p=1 this is not true, a constant #0 can not be represented. Another
result we want to mention is as follows (P. L. Uljanov [U]): The system
{ @, ;} with the generating function

, 1—24 I<rgl
q)(t)—{% 0<r<d

(which is actually the classical Faber-Schauder-System with the first two
functions deleted) forms a representation system in L, (0, 1), 0 <p< .
There are investigations on subsystems of representation systems [I, F1,
F21], on representation systems in ¢(L) [U, I, Ol, O2, F1, F2], on the
representation of complex functions by series of exponentials [ K] etc.

In Section 2 we prove the following result which generalizes the above
examples in a rigorous way.

THEOREM 1. (a) Let pe L,(0,1) for some 1 <q<oo. If

1
J, ot di o, (*)

then {¢@, ;} is a representation system in L,(0,1) for any 0 <p <gq.
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(b) Let 0#¢@ely(0,1). Then {¢, ;} is a representation system in
L0, 1), 0<p<]l.

Obviously, this result completely solves the question of {¢, ;} being a
representation system in L,(0, 1) for 1 <p <oc: @(1)e L,(0, 1) and (+) are
necessary and sufficient conditions in this case. For p < 1, a final answer is
still missing.

The method we use is elementary. The crucial Lemma 1 of Section 2
shows the existence of a constant A, # 0 such that

Jl 1 — A1) di <1, (%)

From this simple fact, we can construct L -convergent series with respect to
{@..} for any fe L0, 1). The construction shows that the systems under
consideration never form bases: one can find many representations for any
given function as well as delete functions from {¢, ,} without destroying the
representation property. We also give a necessary and sufficient condition on a
subsystem of {¢, ,} to remain still a representation system in L,.

The interest in systems of the above type which are generated by trans-
lation and dilation from one function ¢(¢) stems also from the recent
research activities on multireselution analysis and wavelets where questions
of approximation and representation by analogous systems on R” have
been studied to a certain generality, cf. [D, BDR, IM]. We address this
case of representation systems {¢, ;} in L,(R") in Section 3, allowing also
some generating functions ¢ with noncompact support.

2. REPRESENTATION SYSTEMS IN L [0, ]

Let @(£):[0,17—R be an arbitrary measurable function which is
extended outside [0, 1] by zero. We define the system {¢, ;} of dyadic
translates and dilates of ¢ on [0, 1] by

@i (1) =25 —1), te[0,1]; &£=0,1,.; i=0,.,2"-1
Denote (as in the classical case of the Haar system)
@)= @ (1), n=2*+i, k=0,1,.., i=0,.,2"-1.
Let I, =1, ;= (i/2%, i+ 1/2%) stand for the dyadic interval related to ¢,,.

Concerning the L -spaces (0 < p < oc) we introduce the following notation:

1 Lip
1, = <j lf(t)l”dt> . p=max(l,p),
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denotes the usual norm of a function feL,=L,(0,1) if 1 <p< oo, and
generates the L -metric if 0 <p < 1. Obviously, accepting this we can use
the triangle inequality

If+eh, </, + 180, f gel,,

for all 0 <p < co. The same notation carries over to L -spaces on general
domains in R".

DerFiNITION [T1, T2]. A system of {f,} ., =L,, 0 <p<co is called a
representation system in the space L, if for any f'e L, there exists a series
>, i fx such that

=0.

Lp

Iim

n— oc

f- Z e Sx
k=1

This definition generalizes to F-spaces.

THEOREM 2. (a) Let @ satisfy the assumptions of Theorem 1(a). Then
a subsystem {¢,} of the system {@,} is a representation system in L,,
0<p<yg, if and only if

VNeN mes{U I,,{}zl. (n
1=N

(b) If ¢ satisfies the assumptions of Theorem 1(b) then a subsystem
{9,(1)} is a representation system in L,, 0<p <1, if and only if (1) is
Sfulfilled.

We first prove the following lemma.

LeEMMA 1. Under the assumptions of Theorem 1(a) resp. (b) there exists
a constant Ay +# 0 such that

oo=1—4opll,, <1 (2)

Proof. We start with case (a) of Theorem 1. Let peL,, g>1, satisfy
fo@(t)dt=38>0 (if 5 <0 then consider —g¢(1)).

Obviously, it is sufficient to prove the estimate for p =g since by the
Holder inequality | gll,, < ||g1|‘2‘;“(” DforallgeL, and p<q. Forp>1 we
have the inequalities

1 —x|? <1 —px+cox?, x| <3,

[T—x|P<1+¢, x|+, [x|%, xeR.
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which hold with some positive constants c,, ¢, ¢,. Let

E,:{t: ]¢(t)l<~1—}, E;“={t: ](p(t)l>—1—}. a>0.
2a 2a

We use the first inequality on E,, the second one on E¥. For 0 <1< a we
obtain

I1=dpls, = 11=Ap(oNrde+ | [1=ig(o)|” di
E. E*
SmesE,(—pJ l(p(t)dl-}-colzf @(1) dt
E, Ey
+ mes EX +c11j lo(2)] dt+c2mf l@(1)]” dt
EZ E}

A-Z
<1—pAd+c3a L_‘z(p(m dt + cy A7 fE‘l(p(t)l‘” dt+%o&yz T(A).

Since mes E¥ -0 for « >0, and @eL,, p=g>1, one can now fix
oy >0 such that T'(0,)<0 which together with T(0)=1 implies the
existence of 0< A, <1/2a, with the desired properties. This proves the
assertion in the case (a) of Theorem 1.

We come now to the assumptions (b) of Theorem 1. Let 0 <p < 1. By
the Taylor formula there exists a constant ¢ > 0 such that

[1—x|"<1—px—cx? x| <3

Let
1
G(A) =J Il —Ap(1)|7ds,  AeR,
0

and

E,={t2p(n)|<3}=E_,, EX={t1ip(r)| >3} = E*,.
Then, using the above inequality on £; and the triangle inequality on E},
we obtain

G(A):f + <1—xp[ (p(z)dx—cj |A¢(t)12dz+f (Ao(1)|” dt.
E E} Ej Ey E}

For te E¥ we have |Ap(1)}? <2277 |Ap(1)|% Thus, we get

G(A) +G(—2)

e [CJE I(P(z)lzdt—zZ*”fE: I(ﬂ(t)lzdz].
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It can easily be seen that for A —0

JE_ lp(0)]* dt - llgll7, >0,
and that

[ ooz dae—o.
E}

Hence there exists a 44> 0 such that (G(44) + G(—44))/2 <1 which gives
the result for case (b).

The following discussion shows that the inequality (2) is all what we
need to prove the assertions of Theorems 1 and 2. For brevity, denote
g,/(x) = Ao0,,(x) where 4, is taken from Lemma 1, and {¢, }~ , is any sub-
system of the system {¢,}. A function S will be called dyadic step function

if, for some ke N, S is constant on all intervals I, ,, ie., if

2kt
Sty= 3. Aie i g (1)
i=0
where y,(1) denotes the characteristic function of an interval 7, and the 4, ;
are any real numbers.

LEMMA 2. Assume that @eL,(0, 1} satisfies (2), and that the sub-
system {@,} satisfies (1). Fix some 6 € (0, 1). Then for any step function
S, and arbitrary NeN there exists a finite sum h=3}" . c,g,, M>N,
such that

IS=hfl, <o Sl (3)

n I

T oz

hi=n

<(U+0) S, N<n<M. (4)

Ly

Proof. Consider a dyadic step function S#0 as given above (with a
integer k fixed). According to (1) and the obvious properties of dyadic
intervals, we can find a subsequence of indices max(N, 2X) </, <
l,< ... <l;< ... such that the intervals EjEI,,,] are pairwise disjoint, and
that still mes {J, £,=1. By construction, each E; belongs to exactly one
I ;, and we set A, =4, ,.

We can now check that

j=1
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has the desired properties for sufficiently large m (to fit the notation used
in the above formulation of Lemma 2, set ¢,=4; if /=/, and ¢,=0
otherwise). Let E, = [0, l]\U]'.": \ E;. Obviously, by this construction and
by (2), we get

1 m
nS—hu{p:jE IS()I7 de+ [ 1= dop(n)| de Y. [3,17 mes E,

m Y j=1

<[ sl di+alisig,
E, r

where 1, and g, are given in Lemma 1. Since mes E,, — 0 for m — oo, the
remaining integral over E, will be arbitrarily small. This establishes (3) if
we fix some sufficiently large m (=M). Since the intervals E, are disjoint
and supp g, < E;, we have

) /ljg:,U Sl <h =S, + ISl <1 +a) [S],,

Jj=1 HL,,

1

for all n < m which finishes the proof of Lemma 2.

Proof of Theorem 2. We use an induction argument. Let f,=/,
Ny= My =0. In the induction step, for given f, |, and M, _,, we first define
some dyadic step function S, such that

1f, =S <27

After this, by Lemma 2 applied to this S, and some N, > M,_, we find a
linear combination

M,

h,= Z 18

=N,
such that

IS, =k, <alS |,

i z": c,g,]

I=N, iy 3

S(1+0) S, /. n=N, ..M,

for some fixed o,<o<1. Finally, to finish the induction step, we set

.fr:frﬁl‘hr'

To prove the theorem, we will check that the series

Z hrE Z 1 &= Z Z[)Cl(ﬂn,
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represents fin L, (we put ¢,=0 for the remaining indices /). To this end,
for arbitrarily given n >0, define the index r>1 such that M, _, <n< M,.
Then, by the above construction,

n

Z € &

i1=N,

<Ifoill, + (1 +0) 1Sl
<@+ ol + (A +0) 1o =S,
<2430,

<Ifyillo,+

Lp

“f—é] 18

Lp

Note that for n < N, the second term may be neglected. Since

“.f;‘“L,,< ”fr~l 'Sr”L,,_i_ ”'Sr”—hr“L,7
<2 o 8,0, <2 4o If I,

we get recursively

i, <277 4+27 o4 o 42707 0" I fl,

<r(max(27',6) +0" | fl,,

which finally shows the convergence of the series to f. The proof of the
sufficiency of (1) for the assertion of Theorem 2 is now complete.

The necessity is obvious: if (1) is violated then there exists a set
E< [0, 1] of positive measure such that all ¢, but a finite number vanish
on E. Therefore, it is easy to construct a function fe L,[0, 1] with support
in E which is not in the L, closure of the given subsystem.

Remark 1. Since the whole system {¢,} obviously satisfies (1),
Theorem 1 is a consequence of Theorem 2.

Remark 2. It can be shown that condition (1) of Theorem 2 can be
replaced by a condition formulated directly in terms of the functions ¢,

Ve>0 VNeN 3m>N:mes{t: Y l(pn,(t)|9é0}>1-e.
I=N

Remark 3. One easily observes from the proofs that Theorem 1 carries
over to the spaces L,([0,1]"), p>0, or even to L, spaces on arbitrary
measurable sets 2 = R”, n > 1. The underlying construction then starts with
a L, function ¢ # 0 with compact support, and the system is defined by all
those

9, (x)=@(2*x—i), xeR", iel" kel
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that do not vanish on a set of positive measure in 2. Along the same lines,
Theorem 2 may be generalized.

Remark 4. As was mentioned above, if we are restricted to the classical
situation 1 <p < o0, the conditions g€ L, and () are necessary and suf-
ficient for {¢,} to form a representation system in L,. However, in the
first example given in the Introduction where (*) is violated it suffices to
add a single constant function to the system and one arrives at a
representation system (in this case, we have the Haar system which is
even a Schauder basis in L,). One might ask whether there is a general
possibility to repair the systems where (#) does not hold by adding a
finite number of auxiliary functions. A simple example shows that this is
not the case: If ¢ has mean value zero on each dyadic interval of the
form [2%7',27%], k=0,1, .., then any function from the corresponding
system {¢,} is L, orthogonal to the subsystem of all Haar functions with
index n=2*% k=0, 1, .., which span an infinite-dimensional subspace in L,
(1<p <) ‘

For p <1, the condition (*) seems to be no more important (compare
the result of Theorem 1(b)). However, growth conditions may come in. As
we learned from G. Tachev, the crucial property (xx) is not satisfied for the
functions @(t)=t=?if 2/(p+ 1)< P<1/p, 0<p<].

3. REPRESENTATION SYSTEMS IN L (R")

The present section is motivated by the recent investigations on multi-
resolution analysis, shift-invariant subspaces, and wavelet constructions
on R” Throughout this section, let ¢(t)e L,=L,(R"), with n>1 and
1 <p < oo be given, and define (as in Remark 3)

Pri() =p(2*—i), teR", ieZ" kel

Denote by

Vip)=span{gp, ;;ieZ"}|,, kel

the sequence of dyadic (with respect to A =2"%) principal shift-invariant
subspaces corresponding to ¢ (see [BDR] for some generalities and
history). Formally, {¥,(¢)} looks like a multiresolution analysis ([ Ml1];
[D], Chapter 5; [JM]) but we will not assume that this sequence of closed
subspaces of L, is increasing which is a basic assumption in much of the
wavelet literature.
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The question we will discuss here is whether {¢, ;} forms a representa-
tion system in L,. If the answer is yes, as a by-product we get

Z Vilp)] = Lp'

K L,
If Vile)cV,,(p) the sum may be replaced by the union of the sub-
spaces. The density in L, of the latter set which is one of the basic assump-
tions of a multiresolution analysis (p =2) has been studied to a certain
generality in [ D] (see Proposition 5.3.2 and the remarks on pp. 143-145),
[Md], [JM] (Theorem 2.5), [JL] under various assumptions on ¢
(as a rule, these papers require Vi (¢)c V, . (¢) but see [BDR]
(Theorem 1.7}).

In Section 2, Remark 3, we have already stated that in the case of a com-
pactly supported generating function ¢ the result of Theorem | can be
carried over to the present situation. In addition, in this case the summa-
tion order of the constructed series representation does not matter. In the
following, we will call a series with respect to {¢,;} unconditionally
L,-convergent if any (linear) ordering of the index set {(k, i)} leads to an
L -convergent series, with the same limit f'e L,.

We will now state a sufficient condition for {¢, ;} to form an uncondi-
tional representation system in L, (ie., the representation we can find for
any f'e L, will be unconditionally L,-convergent to /) which also covers
some @ with noncompact support but still requires certain additional decay
properties for p > 1.

THEOREM 3. Let @pe L, for some 1 <p< oo, for t <p<ov we addi-
tionally require

o) <C-j()7"77, || > oo

with some y > 0. Suppose
Jw @(t) dt = ¢(0) £0.

Then {@, ;} is an unconditional representation system in L,.

Proof. The main idea is first to prove an analog of Lemma 2. Without
loss of generality, let ¢(0)=1. Thus, for any sufficiently large cube
W= (-2",2")" defined by a natural number r

§<(5=—_:ngo(t)dt<%.

The value of r will be fixed below.
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From now on we consider only the subsystem

(pk, |(t) = (Pk‘zwli(t)

which depends on the choice of W and, thus, on r. To each y, ; there
corresponds its cube W, , of sidelength 2"*'~* (the shifted and dilated
W= W, ,), and the collection

A ={W, ; ieZ"}

forms a partition of R” into non-intersecting (open) cubes for arbitrary
kel.
Let S, denote any step function with respect to #%,, ie.

Sdty=4,;, te W, ., ieZ”
Obviously, S, e L, iff
1Sellg,=20+170m Y Al < o0,
ieZ”
The above mentioned analog of Lemma 2 we are going to prove reads as

follows:

LEMMA 3. In the above construction, one can fix r and find some reals
Ao # 0 and o €(0, 1) such that (independently of S, and k)

<o 1Sl (5)

Lp

Se=do T huib

ieZ”

Proof. It suffices to consider k=0, we therefore omit the index k& for
brevity. Then

=A
.7 NG
=i X aw] <[5 ] ma-aonrd)
iezr Ly Niezn Wi
=B
— e -~
r tp
+z<z ] zﬂ.,.w,-m. dt)
iez " Wiljai

To the second term we apply the technique behind Theorem 2.1 from
[IM]:
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B=] 3 |5 hwti)| at
<f, S (S wio) % o}
" l\/—/ v
=o(t)

=] @7 T T 1yl (0 de

i¥0meZ”

=( 5. Milﬂ) [ @wrdi=2-+07sig, [ @y at

ieZ”

The first term of the above expression can be transformed into

A=< Y ui:ﬂ) jwu — A1) P dt=2"CT1" S| B(A).

ieZ”
=f,(4)

f,(4) can be estimated along the lines of Lemma 1. Consider first the
simplest case p=1. Here,

b =] (1= ip(t)+2max{0, Ap(t) ~1}) dt

<2<'+”"—,15+2Aj (1) dt

tp(t) > 1/4

=zt'+""<1—,12*"“)"(5—2[ ¢(t)dt)>~
tglt)=1/4

On the other hand, for ¢ € L, we have
f q:(t)dt:f lp(6)] dt —0,  r— oo,
w R\W

Fix a sufficiently large r such that this integral is less than 1/8. Then the
substitution into the above inequalities yields

ls-1 % a0,

ieZ”

<<1 _12—(r+1)n.<5—2ﬁ o 1/;_(p(t) dt— 1/8>> IS,

Ly
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Now we can finish the argument. Choose A=A, such that the integral in
the above formula is also bounded by 1/8 (it tends to zero if 4 — 0 _ ). Since
&> 1/2 we get the desired result with o=1—4,2"0+"D"3

For p>1 one may use the inequalities

1—x|?7<1—px+c|x|?, xeR, l<p<?2,
resp.
I =x]7 <1 —px + c(x? + |x|?), xeR, 2<p<w,
which can be checked by simple calculus. This gives in the same way
270 DnR () <1 =27+ D"(pis — cd? ol ,,)

for 1<p<2, for p>2 a further term cA®|¢|l,, has to be added
correspondingly.

To estimate the integral involving ® we make use of the decay property.
For sufficiently large » we obtain

P
J d)(t)p dtS C2(r+ bHn < Z (2r |i|)—(n+r)> < C2_'“"+7)”_"],

W i%0
Putting things together, we arrive at

5-4 3 A,

ieZ”

Ly

SISl (1=27C*D"(pas — cA? || )7 + C277"+ 1))

for 220 and 1 <p <2 (the case p > 2 i1s completely analogous). Since y >0
we can take r sufficiently large such that the first derivative of this upper
bound at A1=0_ is negative. With this r fixed, we can now find the
desired A,. This proves (5).

With this substitute for Lemma 2 at hand, we can finish the proof
of Theorem 3 along the lines of the recursive construction used for
Theorem 2. Note that the analog of (4) trivially follows from (5):

The dyadic step functions are chosen such that they fit the assumptions of
Lemma 3, the functions A, are now explicitly given by the expression in (5).
The unconditional convergence of the whole series easily follows from (6)

A'o Z Ak'il//k.i

iek

<(I1+0) ISl VhksZ™ (6)

Ly
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and the geometric decay of || f,|/,, resp. ||S, ||, which comes from the con-
struction as given in the proof of Theorem 2. Note that there is no problem
with k — — oo, the first step function in the construction may correspond
to an arbitrarily large k = k,. This expresses the fact that the systems under
consideration do not form bases. The details are left to the reader.

Remark 5. For p=1, Theorem 3 is in final shape: The system {¢, ;} is
a representation system in L, (R") if and only if $(0) #0.

The situation is different for p>1. From Theorem 1.7 of [BDR] it
becomes clear (at least for p =2) that some additional condition should be
required. Unfortunately, we were not able to give the proof of Theorem 3
for the more general class of

<pez;,(R")={¢: » |wu—i)|eL,,([o,1]">}.

ie?”

This class which is a subspace of L, L,, I <p<co, was introduced in
[JM] for studying L, multiresolution analyses generated by refinable func-
tions ¢ with noncompact support. The condition @(0) # 0 which is clearly
necessary if p =1 but not for p > 1 (look at the Haar wavelet system on R')
also needs further elaboration.
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